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THE UNIVERSITY OF ILLINOIS ONE-PARAMETER LINEAR FUNCTIONAL GROUPS IN SEVERAL FUNCTIONS OF TWO VARIABLES*
be a given set of n 2 real continuous functions of the two real variables x and y denned over the triangular region Tia^x^y^b.
Consider the system of n integro-differential equations]
(2 ) MX ' T ' T) = 'iHicfiix, y; T), (* -1, 2, .-.,»), or in the n unknown functions iz(x, y; r), 2 s(#, 3>; r), • • • , n z(x, y; T). The symbol * in (2) has given some very noteworthy contributions to this subject.
Define a set of n 2 functions \K(x, y; r) in terms of the given set of functions \H(x, y) by (4) U{x, y; r) = -H(x, y)r + •#**#(*, y)j
+ *H* k H*ÎH(x, y) T -+ • • • .
For tt = l, this set reduces to the well known Volterra transcendental.
THEOREM 1. Under the above hypotheses on the given functions {H(x, y), the system of integro-differential equations (2) possesses one and only one solution \z(x, y\ r), • • -, n z(x, y; r) analytic in T (in fact entire in r), continuous in x and y in the region T and such that it takes on the initial conditions
(5) iz(x, y\ 0) = iz(x,
y), (iz(x f y) continuous in T) for r = 0. This unique solution can be written in the form
where the n 2 functions \K are the generalized Volterra transcendentals (4).
The proof of this theorem is obtained by throwing the integrodifferential system (2) into the form of a system of non-linear integral equations (7) iz{x, y\ r) = iz(x, y) + I !#•ƒ*(*, y\ v)d<j,
and then solving this system by the method of successive approximations. We are thus led to consider the functions iz(x, y; T) given by (6). By calculation one sees that this set of functions is a formal solution of the integro-differential system and takes on the given initial conditions. In fact the transcendentals J£(#, y; r) satisfy the integro-differential equations diK(x, y\ r) j k i
(8 )
±11-1 _ \ H{x> y) + . Hif lK{x, y; r), or
and hence the iz(x, y\ r) of (6) yield a formal solution of the system (2). It follows directly from the definition (4) that the generalized Volterra transcendentals are entire functions of r and continuous in x and y throughout the region T, Hence the set of functions (6) form an actual solution of (2) of the required sort.
If iw(x } y; T) is another solution of (2) of the required sort, it follows from (7) that it is possible to find a positive number A< 1 such that
for sufficiently small values of r. But t -0 and iiv are analytic functions of r. Hence
iz(x, y\r) s iw(x, y;r).
This shows that the solution of (2) of the required sort is unique, which completes the proof of our theorem.
Thus the integro-differential system (2) generates a continuous one-parameter family of functional transformations (6). Moreover, one can verify that the generalized Volterra transcendentals {K possess the following integral addition theorem : (9) \K{x, y\ n + r 2 ) = \K(X, y; n) + lK(x, y;r 2 ) + !-£(••• ;r 2 )*i£(tf, y; n), and that this integral addition theorem characterizes the n 2 transcendentals {K(x> y\r). We have thus arrived at the following fundamental theorem.
THEOREM 2. The integro-differential equations (2) {infinitesi-mal transformations) generate the one-parameter continuous group of linear functional transformations (6) in the f unctions iz(x, y), «z(x, y), ---, n z{x y y). Moreover the identity transformation is obtained by putting the parameter r equal to zero.
Consider the particular case in which
==0, otherwise.
The integro-differential system (2) for this case becomes diz(x, y\ T) (11) ; = l+n-i+iz (x, y; r) .
OT
By calculation we obtain
These expressions can be written in terms of the Bessel function Ji(z) of order one.* Putting u=y-x> we obtain r l/2 w -l/2
In these formulas,
Ii(z) = -iJi(iz),
(,•-(-i)i/«).
For j=i the integral addition theorems (9) for the special case (13) yield the addition theorem , vol. 26 (1925) , for the corresponding case of the Volterra transcendental.
